Abstract-We applied a useful uncertainty model, ignored in most metamaterials retrieval studies, to monitor the accuracy of retrieved electromagnetic properties of bianisotropic metamaterial (MM) slabs composed of split-ring resonators and cut wires. Two different MM slab structures are considered to make the analysis complete. As uncertainty-making factors, we took into consideration of uncertainties in scattering (S-) parameters of bianisotropic MM slabs as well as the length of these slabs. The applied uncertainty model is based upon considering the effect of minute change (differential) in uncertainty factors on the retrieved electromagnetic properties of bianisotropic MM slabs. The significant results concluded from the analysis are: 1) any abrupt changes in the phase of S-parameters of bianisotropic MM slabs remarkably influence the retrieved electromagnetic properties; 2) any small-scale loss (i.e., the loss of the substrate) in the bianisotropic MM slabs improves the accuracy of the retrieved electromagnetic properties of these slabs; and 3) precise knowledge of bianisotropic MM slab lengths are required for correct analysis of exotic properties of these slabs. The presented uncertainty analysis can be utilized as a metric tool for evaluating various retrieval methods of MM slabs in the literature.
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INTRODUCTION
Metamaterials (MMs) have generated an enormous research interest in recent years for their ability to exhibit electromagnetic properties not found in conventional materials [1] [2] [3] [4] [5] [6] , such as a refractive index that is negative [7] . Loosely defined, a MM is an artificial crystal in which mesoscopic inclusion structures of natural materials are similar to artificial dielectrics obtained by arranging a large number of identical conducting obstacles, simulating the behavior of a molecule (or a group of molecules) in an ordinary dielectric, in a regular three-dimensional (3-D) pattern [8] . Fabricated MMs are composed of commonly metallic wire cuts and/or split-ring-resonators (SRRs). While metallic wire cut periodic array behaves like plasma and possesses a negative effective permittivity over a broadband, SRR periodic array produces a negative effective permeability within a limited frequency range [9] .
There are some available methods in the literature for determining the electromagnetic properties of MMs [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . While some of them are suitable for numerical simulations, others are appropriate for analytical models. Among these methods, S-parameters retrieval method is preferable for an analysis based on simulations as well as experimental point of view . Depending on the wave polarization and its direction, MMs can exhibit bianisotropic property [11, 13, 15] and demonstrates unusual properties not found in normal isotropic MMs such as a wider stop-band in the transmission spectrum [11, 16] , non-equal forward and backward wave impedances [11] , and magnetoelectric coupling coefficient [11, 15] . Considering a survey over literature, to our best knowledge, we have noticed that most of the S-parameter extraction methods [10] [11] [12] [13] [21] [22] [23] for determination of electromagnetic properties of MM slabs do not consider a complete analysis about the effect of increased uncertainty of measured S-parameters as well as slab length on the retrieved properties. As such, which retrieval method is best or appropriate for a specific analysis or problem is not clear. Although the retrieval method [21] discusses a sensitivity analysis for the effect of measured transmission S-parameter on the retrieved wave impedance of isotropic MM slabs, such an analysis, although it gives a clue, is not sufficient itself to monitor a complete picture of the dependence of measured S-parameters on retrieved electromagnetic properties. Besides, that analysis is not applicable to bianisotropic MMs. In this research paper, we present how such a complete analysis can be performed using analytical expressions and then demonstrate the impact of increased uncertainty in measured/simulated S-parameters on the retrieved electromagnetic properties of bianisotropic MMs.
EXPRESSIONS OF SCATTERING PARAMETERS
The problem of determining effective electromagnetic properties of bianisotropic MMs with length d using forward and backward Sparameter measurements/simulations is depicted in Fig. 1 .
The MM structures in Figs. 1(a) and 1(b) are excited by an electromagnetic wave with an electric field vector E oriented along x-axis, magnetic field vector H oriented along y-axis, and propagation vector k oriented along z-axis.
Both of these structures have bianisotropic property since the electric field in the x direction induces a magnetic dipole in the y direction due to asymmetry of the inner and outer rings, while the magnetic field in the y direction also induces an electric dipole in the x direction [11, 15] . While the configuration in Fig. 1(a) is designated by the bianisotropic SRR MM, that in Fig. 1(b) is denoted by the bianisotropic Composite MM for the remainder part of our paper. By assuming that the harmonic time dependence is of the form exp (−iωt), implying that n ≥ 0 (n is the refractive index) at all frequencies for passive media (throughout the paper, we use primes and double primes for denoting real and imaginary parts of a complex phasor quantity), and imposing boundary conditions of continuous electric and magnetic field transverse components at z = 0 and z = d in Fig. 1 , we derive the forward and backward reflection and transmission S-parameters of the homogeneous MM slabs in compact 
for the constitutive parameters of each cell in Fig. 1
In Eqs. (1)- (5), z + , z − , n, and k 0 are, respectively, the normalized wave impedances in forward (+z) and backward (−z) directions and the refractive index of the bianisotropic MM slab, and free-space wave number; ε x ε y , ε z , µ x , µ y , and µ z are, respectively, the complex permittivity and complex permeability in x, y, and z directions; and ξ 0 is the magnetoelectric coupling coefficient. It is seen from Eqs. (1)- (3), for the wave propagation in z direction, only ε x , µ y , and ξ 0 are related to bianisotropic MM slabs in Fig. 1 [14] . In addition, ξ and ς are interdependent, since for a lossless medium, ξ is identical to the complex conjugate transpose of ς, and in the case of a reciprocal medium, ξ is equal to the negative transpose of ς. Furthermore, as the rightmost term in Eq. (3) shows, for a bianisotropic MM slab, n (or the propagation wave vector) relates not only to ε x and µ y but also to ξ 0 [11] . In the retrieval of ε x , µ y , and ξ 0 , as a first step, we eliminate T in S 11 and S 21 from Eq. (1), which produces a multiple-solutions set [28, 29] . As a second step, we substitute the found T into S 22 and derive z + and z −
A complete description of the derivations in Eqs. (6)- (8) can be found in [14] . The correct sign for z + (and therefore z − ) can be assigned considering that the bianisotropic MM slabs in Fig. 1 are passive (z + > 0). After determination of unique z + and z − values from Eq. (6), we determine T from utilizing the expressions in Eq. (1)
once upon incorporating the determined z + and z − into Γ A , Γ B , Γ C , and Γ D in (2) . Whereas the expression of T presented in [14] is twovalued, its new expression in Eq. (9) is single-valued, which is more feasible for retrieval of ε x , µ y , and ξ 0 . Finally, we determine ε x , µ y , and ξ 0 parameters using Eq. (3)
where m = 0, 1, 2, 3, . . . , denotes the branch index value. It is seen from Eqs. (10) and (11) that the retrieved ε x , µ y , and ξ 0 have multiple solutions depending on m values. The correct choice of m for unique retrieval of ε x , µ y , and ξ 0 can be realized by different techniques [32] [33] [34] [35] [36] [37] [38] .
SIMULATION RESULTS
We use the unit cell dimensions of [12] as for the dimensions of unit cells of our bianisotropic MM slabs in Fig. 1 to simulate S-parameters. Each unit cell in Fig. 1 is cubic with a cell dimension of d = 2.5 mm. The substrate with a thickness of d s = 0.25 mm has a dielectric constant ε r = 4.4 and a loss tangent of 0.0002. Perfect electric conductor (PEC) SRRs and wire, each has a thickness of 17 µm, are assumed positioned on opposite sides of the substrate. The width and height of the wire, respectively, are 0.14 mm and 2.5 mm. The outer ring length of the SRR is 2.2 mm and both rings have a linewidth of 0.2 mm. The gap opening in z direction in each ring is 0.3 mm, and the gap between the inner and outer rings is 0.15 mm. These unit cells are denoted as low-loss bianisotropic MM unit cells in the explanation of the results in our study. When the loss tangent of the substrate of MM slabs is increased to 0.02 and PEC of SRRs and wire is changed to copper with electrical conductivity 5.8×10 7 (S/m), the slabs are designated as lossy unit cells. We utilize the CST Microwave Studio simulation program based on finite integration technique [39] to simulate the S-parameters for each unit cell in Fig. 1 . Whereas periodic boundary conditions are used along x-and y-directions, waveguide ports are assumed along z-direction. For more details about the simulations, the reader can refer to [40] . For brevity, only the simulated S-parameters over f = 7-13 GHz of the low-loss unit cells are demonstrated in Figs. 2 and 3 . Note that because our formulation in Section 2 assumes a time dependence of exp(−iωt) while the CST software package considers the exp(+iωt) for its calculations, we negated the phase value of simulated S-parameters for the retrieval of electromagnetic properties in the remainder part of our study. Utilizing the expressions in (6)- (11) and simulated S-parameters, for each MM slab in Fig. 1, we 
It is seen from Fig. 4 that the dependencies of retrieved z + and z − are in good agreement with those in [11] . It is noticed from Fig. 5(a) that the SRR MM slab has only positive n over the frequency band while the Composite MM slab has a negative n over some narrow frequency region (9.3-9.9 GHz). It is well-known that a MM structure composed of only SRRs cannot possess negative n [10, 11] . We note from Figs. 5(b) and 6 that the retrieved ε x , µ y , and ξ 0 for the SRR MM have all normal resonant behaviors and positive imaginary parts [11] .
While the ξ 0 of our SRR MM has normal resonant behavior, that of the SRR MM in [11] (SRR-II in Fig. 3) shows antiresonant behavior, which is arising from the opposite direction of the wave propagation to the MM slab in [11] . Furthermore, it is seen from Figs. 5(b) and 6 that considering the retrieved ε x , µ y , and ξ 0 , the SRR and Composite MM slabs share similar behaviors [11] .
UNCERTAINTY ANALYSIS
In previous section, in the retrieval of electromagnetic properties, we assumed that there was no inaccuracy in the measured/simulated Sparameters. However, in practical applications, the magnitude and phase of each S-parameter have some inaccuracies associated with it [26] [27] [28] [29] [30] . In addition, measurements of MM slab lengths have some incorrectness even such measurements have been performed by a high precision micrometer, especially when the slab length decreases considerably. Furthermore, in most practical applications in the electromagnetic characterization of MM slabs, their thickness is arranged so that it is quite less than the operating wavelength in order to simplify the complexity of analysis (homogenous slab approach). As a result, it is evident that retrieved electromagnetic properties will be affected by the inaccuracies of S-parameter along with the slab length since these properties are interrelated with measured S-parameters and the slab length as seen in Eqs. (6)- (11) . After surveying some well-known proposed methods for the determination of electromagnetic properties of MM slabs [10, 11, 13, 21] , we have noticed that these methods either did not consider at all or partially investigated the effect of the aforementioned inaccuracies on the retrieved electromagnetic properties of MM slabs. Therefore, it is difficult to evaluate not only the accuracy of proposed retrieval methods but also which retrieval method is suitable for a specific problem. A sensitivity analysis in [21] was performed so as to investigate the effect of measured transmission S-parameter on the retrieved wave impedance of isotropic MM slabs. It may give some insight on the accuracy of retrieved wave impedance. However, it is not a complete uncertainty analysis because it does not analyze the effect of S-parameter measurements on electromagnetic properties (not just wave impedance, but also permittivity, permeability, and so on) and because the analyzed sensitivity analysis in that paper cannot reflect the overall effect of inaccuracies of S-parameters as well as slab length on retrieved electromagnetic properties. Furthermore, it is evident that performing an uncertainty analysis for bianisotropic MMs is more difficult than that for isotropic MM slabs due to the increased complexity of S-parameter expressions (S 11 = S 22 ) in Eq. (1). To fill in this gap for electromagnetic characterization of bianisotropic MM slabs, in this research paper, we perform a full uncertainty analysis to assess the accuracy of retrieved ε x , µ y , and ξ 0 . Toward this end, we utilize the well-known differential uncertainty model [26-28, 30, 41, 42] , where the main factors contributing to the error budget are assumed |S 11 |, |S 22 |, |S 21 |, θ 11 , θ 22 , θ 21 and d. Here, the vertical bar and θ denote, respectively, the magnitude and phase of the corresponding complex quantity. Following the procedure in [42] , we find
where χ stands for ε x , µ y , or ξ 0 and u = 11, 22, and 21. The explicit expressions of partial derivatives in Eq. (12) are given below for the purpose that our presented uncertainty analysis can be used as a tool for assessing different retrieval methods in the literature
In (20)- (22), t = 1, 2, or 3. It is assumed that the functions in Eqs. (12)- (22) are analytic (differentiable) over the region of interest with respect to the differentiation variables [42] . For evaluating the explicit expressions in Eq. (12), we first consider the simulated S-parameters of the low-loss and lossy SRR and Composite MM slabs. Then, we apply our proposed retrieval method and draw the dependence of ∆χ/χ over frequency. (a) (b) Figure 9 . Frequency dependence of the real and imaginary parts of (a) the ∂µ y /∂d and (b) the ∂ξ 0 /∂d for the low-loss and lossy Composite MM slabs.
frequency points. At those frequencies, the retrieved electromagnetic properties are not much reliable [26] [27] [28] . For example, the dependence of ∆ε x /ε x for the low-loss Composite MM slab has two sharp peaks at f ∼ = 8.84 GHz and f ∼ = 9.64 GHz. These peaks, respectively, correspond to the regions where the z − and n change drastically in Figs. 4(b) and 5(a). The dependence of ∆µ y µ y for the low-loss Composite MM slab has also two large changes at f ∼ = 9.64 GHz and f ∼ = 10.95 GHz, corresponding, respectively, to the regions where n has a drastic change in Fig. 5(a) and where θ 21 suddenly increases by jumping to a peak at around 10.9 GHz in Fig. 3(b) . Besides, the dependence of ∆ξ 0 /ξ 0 for the low-loss Composite MM slab has only one significant change at f ∼ = 9.64 GHz. This frequency coincides with the region where n has a drastic change in Fig. 5(a) . On the other hand, it is noted from Figs. 7 and 8(a) that ∆ε x /ε x , ∆µ y µ y , and ∆ξ 0 /ξ 0 have smoother dependences over the frequency band. From these results, we draw two conclusions. First, any abrupt changes in the measured θ 11 , θ 22 , and θ 21 (especially resonant region of the MM slabs) over frequency make difficult to determine the accurate value of ε x , µ y , and ξ 0 , although there is no physical phase discontinuity (phases can be unwrapped by [38] ), since our uncertainty model assumes that all the dependent variables are continuous and considers differential uncertainty concept so that any fast change in a parameter produces a larger change in its uncertainty. Second, an increase in the overall loss of the MM slab facilitates the correct determination of ε x , µ y , and ξ 0 for medium-loss or lossy materials. For the dependencies in Figs. 7 and 8(a) , we considered ∆d = 0. Now we focus on monitoring the dependences of ∂ε x /∂d, ∂µ y /∂d, and ∂ξ 0 /∂d over frequency. Toward this end, we obtain ∂ε x /∂d, ∂µ y /∂d, and ∂ξ 0 /∂d (the value of ∆d depends on how accurately the slab is prepared and therefore is dependent upon the operator) over frequency as shown in Figs. 8(b) and 9. It is seen from Figs. 8(b) and 9 that the dependencies of ∂ε x /∂d, ∂µ y /∂d, and ∂ξ 0 /∂d over frequency have almost a minor but stable variation except for the frequency region over 8. 4-9.8 GHz. This frequency region corresponds to the resonance of the low-loss and lossy Composite MM slabs, as can be seen from Fig. 5(a) . In addition, it is seen from Figs. 8(a) and 9 that the impact of MM slab losses mainly alters the dependencies of ∂ε x /∂d, ∂µ y /∂d, and ∂ξ 0 /∂d near resonance frequencies, which indicates that accurate knowledge of MM slab length is a prerequisite for accurate retrieval of exotic electromagnetic properties of MM slabs such as negative n. The dependencies of ∆ε x /ε x , ∆µ y /µ y , ∆ξ 0 /ξ 0 , ∂ε x /∂d, ∂µ y /∂d, and ∂ξ 0 /∂d for the low-loss and lossy bianisotropic SRR MM slabs are similar to those of the low-loss and lossy bianisotropic Composite MM slabs, since the extracted ε x , µ y , and ξ 0 values for both MM slabs resemble. Therefore, these dependencies are not given here for conciseness.
CONCLUSION
In this research paper, we have performed a complete uncertainty analysis to assess the correctness of retrieved electromagnetic properties of bianisotropic MM slabs. Two different types of slab configurations composed of only SRR (SRR MM slab) and of SRR and a wire cut (Composite MM slab), as well as their different loss properties are utilized for this purpose. To demonstrate the dependencies of extracted electromagnetic properties on uncertainty factors, we first presented the explicit expressions of these properties. As uncertainty factors, we considered the uncertainties in S-parameters of bianisotropic SRR and Composite MM slabs as well as the length of these slabs. Then, we applied an uncertainty model (differential uncertainty model) and derived closed-form expressions of uncertainty terms to be used in the model. From the analysis, we concluded three important results. First, we noticed that any sharp changes in the phase of S-parameters of bianisotropic SRR and Composite MM slabs notably affect the retrieved electromagnetic properties. Second, any loss present in the bianisotropic SRR and Composite MM slabs, arising from the loss of the substrate and finite electrical conductivity of SRRs and wire cuts in a cell, allows accurate retrieval of electromagnetic properties of these slabs, provided that this loss does not suppress the resonance behavior of MM slabs and is not considerably high to influence the uncertainty in transmission S-parameter. Third, for accurate retrieval of unusual properties of bianisotropic SRR and Composite MM slabs such as negative n, precise knowledge of their slab lengths is needed.
